Abstract A linear deformation, by a magneto-rotational instability, of the transition suface between an outer Shakura-Sunyaev-type standard disk (SSD) and inner advection-dominated accretion flows (ADAF) is examined. The transition is assumed to be a discontinuous plane where a low-temperature, high-density gas is jointed to a high-temperature, low-density gas. No mass flow through the surface is considered. Magnetic fields directed in the vertical direction are assumed. We examine how the linear perturbations generated by the magneto-rotational instability in the outer region penetrate into the inner region. The perturbation penetrates into the inner region with an exponentially decreasing amplitude. We suppose that the perturbations of MHD turbulence invading into the inner ADAF region from the outer SSD region would be seed fluctuations of the strong time variabilities observed in the high state of X-ray black-hole candidates.
Introduction
Advection-dominated accretion flows (ADAFs) (Ichimaru 1977; Narayan, Yi 1994 Abramowicz et al. 1995) successfully explain the spectra of active galactic nuclei (AGNs) and of the hard states of stellar blackhole candidates (BHCs)[see a review by Narayan et al. (1999) ]. One of the well-known observational features characterizing these objects (AGNs and BHCs) is rapid X-ray variations, which must be related more or less to the characteristics inherent in the disks with advectiondominated flows.
An important clue to clarify the origin of these time variabilities in BHCs is the Fourier-frequency-dependent time lags between the signals in different X-ray energy channels (Miyamoto et al. 1988) . A conventional model to explain these time lags is the comptonization of internal soft photons in an inhomogeneous hot corona Hua et al. 1997) . This model has, however, some limitations (e.g., Bottcher, Liang 1999; Vaughan, Nowak 1997; Hua et al. 1997) .
Alternative models to explain the time lags are a wavepropagation model (Manmoto et al. 1996; Kawaguchi et al. 1998 ) and a blob-propagation model (Bottcher, Liang 1999) . In the wave-propagation model, a thermal mode of perturbations is carried inwards with advection flows and is reflected back outwards at the inner edge of the disks as an outgoing acoustic wave. This model qualitatively succeeded in producing a time-symmetric Xray shot profile of X-ray fluctuations found by Negoro, Miyamoto, and Kitamoto (1994) , if the thermal modes are finite-amplitude perturbations having relative amplitude of more than 10% over the mean state. Since in this model the hard lag (~ 0.1 s) is interpreted as the drift time of the perturbations, the origin of the thermal perturbations must be more or less around 10 2 r g from the disk center, r g being the Schwarzschild radius. The issue to be addressed is whether we can theoretically expect such large amplitude fluctuations in such a region, since no thermally unstable modes with infinitesimally small amplitudes can grow to such large amplitudes during their drifting the ADAF disks (e.g., Kato et al. 1997) .
The situations are similar in the case of the blobpropagation model. Since in this model the hard time lag is also interpreted as the drift time of blobs, the origin of blobs must again be around 10 2 r g , and large-amplitude fluctuations are required from the beginning. Bottcher and Liang (1999) related their origin with the 2-phase disk scenario by Krolik (1998) .
In this context, we think that the origin of the finiteamplitude density and temperature fluctuations required in the above models are those generated around the transition region. If the transition region is a sharp discontinuity of density and temperature and if it is perturbed Astronomical Society of Japan • Provided by the NASA Astrophysics Data System Downloaded from https://academic.oup.com/pasj/article-abstract/52/6/1125/2949238/Penetration-of-Magneto-Rotationally-Unstable by guest on 16 September 2017 S. Kato [Vol. 52, by some instabilities or motions, the outer high-density low-temperature gas would be mixed into the inner lowdensity high-temperature gas. This should be the origin of the required strong fluctuations. We think that this mixing is induced particularly by the penetration of MHD turbulence in the SSD region into the ADAF region. (More detailed reasoning why we consider this possibility are discussed in the final section.) In order to corroborate this idea we consider here how much the linear perturbations generated by the magnetorotational instability (Balbus, Hawley 1991) in the outer SSD region penetrate into the inner ADAF region.
Although the structure of the transition region is not well known yet, the numerical models by Honma (1996) and Manmoto and Kato (2000) actually suggest that it is a rather sharp discontinuity. The internal structure of the transition region is very complicated by the presence of a super-Keplerian rotation (Honma 1996; Abramowicz et al. 1998; Manmoto, Kato 2000) . As a first step to study the stability of a transition region consisting of magnetized gases, however, we simply assume that lowtemperature and high-temperature gases with magnetic fields are detached discontinuously with a pressure balance. The angular velocity of rotation is assumed to be distributed monotonically around the discontinuity.
Unperturbed Disks and Equations Describing Perturbations
We employ cylindrical coordinates (r, <p, z) whose origin is at the disk center, the z-axis being the axis of disk rotation. Two different gases are attached discontinuously at radius r tr with no mass flow across the discontinuity. A high-temperature, low-density gas (representing an ADAF) exists inside the radius, while outside the radius there is a low-temperature, high-density gas (representing an SSD). On both sides of the radius, there are axi-symmetric magnetic fields Bo which are directed vertically, i.e., B o = [0,0, B 0 (r) ]. The transition radius r tr is static due to force balance there. At each side of the discontinuity, the gases are isentropic, although the entropy values are different from each other. This means that the rotation is cylindrical, i.e., the angular velocity of rotation, fi, is a function of r alone; Q = Q(r). There is no global flow in the disks, except for rotation.
The condition that the transition radius is static requires that the total pressure, i.e., the sum of gas pressure po and magnetic pressure BQ/STV, is continuous at the radius, where the brackets represent the difference of po + BQ/8IT on both sides at radius r tr . In addition to the above momentum and induction equations, we need the equation of continuity describing the perturbations, which is
( 11) where Cs is the acoustic speed, defined by V 7 being the ratio of specific heats.
Perturbations are considered to be local in the vertical direction in the sense that they are proportional to exp(nt -ik z z), where n is the growth rate of the perturbations and are generally complex. 
Dispersion Relation for Penetration Modes
and by from the set of equations (2), (3), (7), and (8) (4), (7), and (10) gives a relation between h\ and u r as 
Finally, equation (9) is a relation between b z and u r :
Substituting hi and b z , expressed in terms of u r , by using equations (13) and (14) into equation (12) 
Here, the expression for A is generally complicated, but becomes simple if the characteristic length of perturbations in the radial direction is shorter than the characteristic radial scale of the unperturbed disk quantities. In this case, assuming that u r is proportional to exp(-ik r r), we have the following dispersion relation from equation (15):
. (17) In the limit of no rotation, the set of equations (16) and (17) reduce to the well-known dispersion relation for MHD waves in a homogeneous media. In the limit of Cs S> CA, they lead to the dispersion relation, 
which is a limit (no buoyancy) of the dispersion relation describing the magneto-rotational instability derived by using the Boussinesq approximations (Balbus, Hawley 1991) .
As mentioned before, we assume that two different gases are attached at the transition radius r tr -Perturbations extending both sides of rt r must satisfy two fitting conditions at the deformed surface of the transition. One is that the displacement normal to the deformed surface must be equal on both sides, which is reduced in our present problem to
where the subscripts + and -represent the quantities outside (r = r tr + 0) and inside (r = r tr -0) of the transition radius, respectively. The other fitting condition is the continuity of the total pressure, PT(= P + B 2 /8n), through the deformed surface. This means that the Lagrangian change of the total pressure, <$px, must be continuous at r = r tr '.
(Sp T )+ =
Here, 5pr is
where g e g is the effective gravitational acceleration defined by po dr\ 87r /
and QK is the Keplerian angular velocity. Since p\(= poh\) and b z can be expressed in terms of u r [equations (13) and (14) 
Rayleigh-Taylor Type Instability
First, we consider the case when A is positive on both sides of.the transition radius; i.e., A > 0. In this case the lowest order WKB solutions of equation (15) 
where C + and C_ are constants to be determined by fitting conditions (19) and (20). Substitution of equations (25) and (26) into equations (19) and (20) gives two linear homogeneous equations for C+ and C_. The condition for the presence of non-trivial solutions leads to a dispersion relation expressing the growth rate n as a function of k z with such parameters as CA and c s on both sides. This dispersion relation gives, in the limit of no rotation and c A « c s 2 , the criterion of the Rayleigh-Taylor instability. If rotation is present with c A = 0, the dispersion relation represents the Rayleigh-Taylor instability of a rotating disk (see Kato 1999) .
Unless c A is much smaller than c 2 , however, there are no perturbation modes which are localized around the transition region, as long as moderate sizes of perturbations are concerned. That is, after some examinations we can show that it is impossible to have A > 0 on both sides of the transition. At least, the value of A in the SSD region is negative unless c 2 S> c A . In the following we consider this case.
Penetration of Magneto-Rotationally Unstable
Modes in SSD Region into ADAF Region Our interest here is to examine how the magnetorotationally unstable modes in the SSD region can penetrate into the ADAF region. In this case, A in the SSD region is negative, and the perturbations in the region are wavy in the radial direction. Restricting to the case where the radial wavelength of perturbations is shorter than any radial characteristic length of the unperturbed disk, we write the perturbations as u r = C+,iexp[-ifc r (r -r tr )] + C +i2 exp[ifc r (r -r tr )], (27) where k r is related to A by equation (16) and the coefficients C+4 and C+,2 are free at the present stage. That is, in the SSD region the perturbations are spatially oscillating modes described by the dispersion rela-
The growth rate n is determined by k r and k z and other physical parameters in the SSD region.
In the inner ADAF region, c^ and CA are much larger than those in the SSD region because of high temperature and low density. Hence, n 2 (and also (17)]. Hence, the requirement of u r ^ oo far inside of the disk gives
for the ADAF region, the coefficient C_ being free. This implies that the wavy perturbations in the SSD region penetrate in the ADAF region with the penetration length ~ l/k z . The condition of continuity of u r at the transition radius [equation (19)] gives C+,i + C+,2 = C-.
The continuity of 8pi at the transition radius [equation (20) 
where /? is another dimensionless parameter defined by
The square of the acoustic speed, c 2 , in equation (33), is that in the outer SSD region, i.e., (c 2 )+, but the subscript + is abbreviated here and hereafter, since all physical quantities in the ADAF region are expressed hereafter in terms of those in the SSD region with paramters as and (3.
Equations (29) and (33) Without loss of generality, we can take C +] i = 1. Then, from the real part of equation (27), we see that the amplitude of the radial wavy pattern of u r in the SSD region, say A mp+ , is (37) where superscripts r and i attached to the C"s represent the real and imaginary parts, respectively. The amplitude of perturbations penetrating into the ADAF region, on the other hand, is C r _. The ratio, R, of the amplitude just inside the ADAF region to that in the SSD region is thus found to be
Equation (38) shows that in the limit of k z = 0 we have R = 1 and R is generally less than unity. As k z becomes larger, the penetration amplitude into the ADAF region as well as the penetration length (~ l/k z ) becomes smaller. Figures 1-3 show the contours of constant R on the k r -k z plane for some sets of as and /?. The disk rotation in the SSD region is taken to be Keplerian, i.e., 0 = QK-The contours of constant growth rate n are also shown in the figures. We see that the domain on the k r -k z plane where the magneto-rotationally unstable modes are present is wide when {c\/c 2 )+ is small. This is not new, being known since Balbus and Hawley (1991) . The main results shown in the figures are that the unstable perturbations in the outer SSD region penetrate into the inner ADAF region with velocity amplitudes smaller than, but comparable to, those in the outer region. The penetration is, however, weakened when the magnetic field in the inner region is strong, as is shown in figure 3.
Discussion
We have examined the penetration of magneto-rotationally unstable axi-symmetric perturbations through a vertical discontinuity in a rotating disk. The magnetic field is taken to be parallel to the rotation axis. The inner region of the discontinuity is a high-temperature lowdensity gas, while the outer is a low-temperature highdensity one, since our interest concerns an invasion of the unstable perturbations in SSD into ADAF. For simplicity, the gases are taken to be isentropic on each side, although their entropy values are different from each other on each side. 
The results show that the classical Rayleigh-Taylor type instability of the discontinuous plane is suppressed by a magnetic restoring force, unless CA is sufficiently smaller than c s . Hence, our main concern in this paper is how much the magneto-rotationally unstable perturbations in the outer high-density region penetrate into the inner low-density one. The strength of a penetration is measured by two quantities: the penetration length and the penetration amplitude. The inward velocity of magneto-rotationally unstable perturbations penetrating into the ADAF exponentially damp inward and becomes 1/e after a distance D (penetration distance). The distance D is found to be determined only by the vertical wavelength of perturbations in the outer SSD, and we have thus D ~ l/k z . Next, the amplitude of velocity perturbations penetrating into the inner ADAF region is always smaller than that in the outer SSD region, but is not negligible.
Our analyses are applicable only to linear perturbations. The behaviors of perturbations in their non-linear stage should be examined by numerical simulations. Our present knowledge concerning the non-linear development of magneto-rotational instabilities (e.g., Hawley et al. 1995; Matsumoto, Tajima 1995; Brandenburg et al. 1995) seems to suggest that they grow until a highly turbulent state, even in the present case. The perturbations (blobs) grown to finite amplitudes will be taken over to seed fluctuations of density and magnetic fields requisite for various mechanisms of time variabilities of black-hole accretion flows (Mineshige et al. 1994; Manmoto et al. 1996; Bottcher, Liang 1999; Kawaguchi et al. 2000) .
In our analyses, for simplicity, the Brunt-Vaisala frequency is taken to be zero in both regions of SSD and ADAF. This brings no essential modification to our results, unless perturbations with too large k z are considered. The transition has been assumed to be discontinuous in our analyses. Hence, the boundary between a penetrating high-density gas and the surrounding lowdensity one is still discontinuous. In actual situations, however, the transition region has a finite thickness in the radial direction. Because of this, the temperature and density of the penetrating gases thermally and dynamically adjust themselves in the transition region to those of the surrounding gas before they appear in the inner region. Hence, the density and temperature contrasts of the inhomogeneity generated in the inner ADAF region by the penetration of outer perturbations through the transition region will be smaller than those in the case of a discontinous transition. Such considerations of the effects of the finite thickness of the transition region will be necessary, particularly when the growth rate of perturbations is small.
Finally, we emphasize that the purpose of our present linear analyses is to corroborate the suggestion that the time lag of variabilities observed in X-ray sources comes from the seed fluctuations resulting from penetration of the MHD turbulence [generated in the SSD region by the magneto-rotational instability (Balbus, Hawley 1991) ] into the ADAF region. One may think that other types of instabilities are also conceivable as sources of the required seed. We think, however, that such possibilities are small.
Let us first consider the possibility of the penetration of hydrodynamic turbulence (not MHD turbulence). The transition region is, however, highly resistive against the invasion of hydrodynamic turbulence for the following reasons. In the transition region a super-Keplerian rotation is realized (Honma 1996; Abramowicz et al. 1998 ). Because of this, the direction of the effective gravity is outward. The density, on the other hand, increases outward sharply. That is, the density in the transition region is stratified very stably against hydrodynamical convection.
In the present analyses of the linear magneto-rotational instability, we did not take into account effects of the super-Keplerian rotation. This is because (i) the terms of the effective gravity are negligible compared with other major terms in our present analyses as long as the Alfven speed is non-negligible compared with the acoustic speed, and (ii) a sharp outward decrease in the angular velocity of rotation further helps the development of a magneto-rotational instability, different from the case of non-magnetized media. The latter is easily understood if we remember the mechanism of the magneto-rotational instability.
A thermal instability would also not be expected in the transition region. This comes from the fact that the heat balance in this region is governed by the heat transport by conduction, if we adopt the radially sharp transition model by Honma (1996) . Thermal conduction usually acts strongly against the formation of fluctuations.
One may think that the fluctuations required to explain the observed time variations are generated in the ADAF region itself by MHD turbulence, and that it is unnecessary to appeal for any possible seed fluctuations in the transition region. Recent numerical simulations of MHD turbulence in disks actually show that strong MHD turbulences are generated in the ADAF region (e.g., Machida et al. 2000) . In spite of this, it is not yet clear whether the MHD turbulence in the ADAF region reaches a fully developed universal state which is independent of the initial perturbations. To discuss this problem, we compare here the drift time of a turbulent element, idrifti and the characteristic time of turbulence, char *
The accretion velocity v in disks is of the order of a$lr{H/r) 2 (e.g., Kato et al. 1998) , where H is the vertical half-thickness of the disk and a is the so-called viscosity parameter. Hence, the drift time, ^drifti for a turbulent element to flow a distance of r is obtained as Astronomical Society of Japan • Provided by the NASA Astrophysics Data System We next consider the characteristic time, Adrift, of turbulence. As idrift, we adopt here the turn-over time of a turbulent element, which is £/v, where I is the typical eddy size. Since the a-parameter of the turbulent viscosity is denned by vt ~ ac s H, we have £ c h a r ~ t/v ( aQ.)" 1 \lI'H) 2 . This is shorter than thrift by a factor of (H/r) 2 for £ ~ H. That is, we have £ cha r ~ 0. If drift if H/r ~ 0.3 is adopted as a typical value in ADAFs. There is an alternative way to estimate i c har-The linear growth rate of the magneto-rotational instability is Q. times a factor, say 0.3, at maximum (Balbus, Hawley 1991) . If we adopt the inverse of this as i c har, we find again £ c h ar ~ O.lidrift for a ~ 0.3.
The characteristic time t c h ar is shorter than the drift time tdrift and turbulence in ADAFs certainly developes. The question to be addressed here is, however, whether £char is long enough for initial memories to be removed from the structure of turbulence. We think we cannot definetely answer this problem at the present stage of our knowledge. We suppose, however, that the initial memories are certainly removed out in small-scale fluctuations, but are not in the large eddies. This would be the cause of the presence of time-lag phenomena in time variations.
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